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µt
<latexit sha1_base64="Li0tIonyrhEVXNeKuhrUOCF8d5k="></latexit><latexit sha1_base64="Li0tIonyrhEVXNeKuhrUOCF8d5k="></latexit><latexit sha1_base64="Li0tIonyrhEVXNeKuhrUOCF8d5k="></latexit><latexit sha1_base64="Li0tIonyrhEVXNeKuhrUOCF8d5k="></latexit>

y
<latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit>

x
<latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit>

T(x, y) = e�t(x,y)
<latexit sha1_base64="ZPyMYrVGZHBLg5aJ7Qx5iuFK27M="></latexit><latexit sha1_base64="ZPyMYrVGZHBLg5aJ7Qx5iuFK27M="></latexit><latexit sha1_base64="ZPyMYrVGZHBLg5aJ7Qx5iuFK27M="></latexit><latexit sha1_base64="ZPyMYrVGZHBLg5aJ7Qx5iuFK27M="></latexit>

= µt t
<latexit sha1_base64="lR3Helrf7ZsWGO/mPuXfcxPxm/Y="></latexit><latexit sha1_base64="lR3Helrf7ZsWGO/mPuXfcxPxm/Y="></latexit><latexit sha1_base64="lR3Helrf7ZsWGO/mPuXfcxPxm/Y="></latexit><latexit sha1_base64="lR3Helrf7ZsWGO/mPuXfcxPxm/Y="></latexit>

: “Expected Value” estimatorhT(t)iEV
<latexit sha1_base64="Psyn9oMm/0o7QGL9hOzRzRWxcoE="></latexit><latexit sha1_base64="Psyn9oMm/0o7QGL9hOzRzRWxcoE="></latexit><latexit sha1_base64="Psyn9oMm/0o7QGL9hOzRzRWxcoE="></latexit><latexit sha1_base64="Psyn9oMm/0o7QGL9hOzRzRWxcoE="></latexit>



Piecewise homogeneous medium

| {z
}

D1
<latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit><latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit><latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit><latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit>

| {z }
D2

<latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit><latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit><latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit><latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit>

|
{z

}
T(x$y)

<latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit>

kx � yk = t
<latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit>

µt,1
<latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit><latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit><latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit><latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit>

µt,2
<latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit><latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit><latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit><latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit>

y
<latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit>

x
<latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit>



Piecewise homogeneous medium

| {z
}

D1
<latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit><latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit><latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit><latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit>

| {z }
D2

<latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit><latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit><latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit><latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit>

|
{z

}
T(x$y)

<latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit>

kx � yk = t
<latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit>

hT(t)iEV = hT(D1)iEV · hT(D2)iEV = e�(µt,1D1+µt,2D2)

t = D1 + D2
<latexit sha1_base64="9a/MTw8TUyMl6foDmhQ11z7Wmg4="></latexit><latexit sha1_base64="9a/MTw8TUyMl6foDmhQ11z7Wmg4="></latexit><latexit sha1_base64="9a/MTw8TUyMl6foDmhQ11z7Wmg4="></latexit><latexit sha1_base64="9a/MTw8TUyMl6foDmhQ11z7Wmg4="></latexit>

µt,1
<latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit><latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit><latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit><latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit>

µt,2
<latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit><latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit><latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit><latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit>

y
<latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit>

x
<latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit>



Piecewise homogeneous medium

T(t) = e�t(t) = e�(t1+t2) = e�(µt,1D1+µt,2D2)
<latexit sha1_base64="bTgww4O816vmlR1Izf0GQLoiFP4="></latexit><latexit sha1_base64="bTgww4O816vmlR1Izf0GQLoiFP4="></latexit><latexit sha1_base64="bTgww4O816vmlR1Izf0GQLoiFP4="></latexit><latexit sha1_base64="bTgww4O816vmlR1Izf0GQLoiFP4="></latexit>

| {z
}

D1
<latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit><latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit><latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit><latexit sha1_base64="9V2Ngk9GXOtIjNImtUyYb9bsAV0="></latexit>

| {z }
D2

<latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit><latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit><latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit><latexit sha1_base64="VjcNxagPZdmuD5KvVtBh3MTEywE="></latexit>

|
{z

}
T(x$y)

<latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit>

kx � yk = t
<latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit>

hT(t)iEV = hT(D1)iEV · hT(D2)iEV = e�(µt,1D1+µt,2D2)

t = D1 + D2
<latexit sha1_base64="9a/MTw8TUyMl6foDmhQ11z7Wmg4="></latexit><latexit sha1_base64="9a/MTw8TUyMl6foDmhQ11z7Wmg4="></latexit><latexit sha1_base64="9a/MTw8TUyMl6foDmhQ11z7Wmg4="></latexit><latexit sha1_base64="9a/MTw8TUyMl6foDmhQ11z7Wmg4="></latexit>

µt,1
<latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit><latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit><latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit><latexit sha1_base64="DaX6luIzwS3v204ABytgswvE6FE="></latexit>

µt,2
<latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit><latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit><latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit><latexit sha1_base64="BVR8LcVMmrLwVLFUSUufbdfjWRg="></latexit>

y
<latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit><latexit sha1_base64="INnpjWgJJwlZhddy3fhwPPWt64E="></latexit>

x
<latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit><latexit sha1_base64="9gsQxuDgu20oq1JY0rk2XriqDcY="></latexit>



Voxelize medium

T(t) = e�t(t) = e�(t1+t2) = e�(µt,1D1+µt,2D2)
<latexit sha1_base64="bTgww4O816vmlR1Izf0GQLoiFP4="></latexit><latexit sha1_base64="bTgww4O816vmlR1Izf0GQLoiFP4="></latexit><latexit sha1_base64="bTgww4O816vmlR1Izf0GQLoiFP4="></latexit><latexit sha1_base64="bTgww4O816vmlR1Izf0GQLoiFP4="></latexit>



Voxelized medium (piecewise const.)

T(t) = e�t(t) = e�Âk
i ti = e�Âk

i µt,i Di
<latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit>



Voxelized medium (piecewise const.)

T(t) = e�t(t) = e�Âk
i ti = e�Âk

i µt,i Di
<latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit>



Regular tracking (piecewise constant)

T(t) = e�t(t) = e�Âk
i ti = e�Âk

i µt,i Di
<latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit>

t1
<latexit sha1_base64="EghPtkjVwgINWdWNOlo41u4jcg4="></latexit><latexit sha1_base64="EghPtkjVwgINWdWNOlo41u4jcg4="></latexit><latexit sha1_base64="EghPtkjVwgINWdWNOlo41u4jcg4="></latexit><latexit sha1_base64="EghPtkjVwgINWdWNOlo41u4jcg4="></latexit>



Regular tracking (piecewise constant)

T(t) = e�t(t) = e�Âk
i ti = e�Âk

i µt,i Di
<latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit>

t2
<latexit sha1_base64="WXHtClXoTDUreHN08HZe6kb7m+I="></latexit><latexit sha1_base64="WXHtClXoTDUreHN08HZe6kb7m+I="></latexit><latexit sha1_base64="WXHtClXoTDUreHN08HZe6kb7m+I="></latexit><latexit sha1_base64="WXHtClXoTDUreHN08HZe6kb7m+I="></latexit>



Regular tracking (piecewise constant)

T(t) = e�t(t) = e�Âk
i ti = e�Âk

i µt,i Di
<latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit>

t3
<latexit sha1_base64="uuZ0YDVQldnjvvR3a5ZyGB2wWUk="></latexit><latexit sha1_base64="uuZ0YDVQldnjvvR3a5ZyGB2wWUk="></latexit><latexit sha1_base64="uuZ0YDVQldnjvvR3a5ZyGB2wWUk="></latexit><latexit sha1_base64="uuZ0YDVQldnjvvR3a5ZyGB2wWUk="></latexit>



Regular tracking (piecewise constant)

T(t) = e�t(t) = e�Âk
i ti = e�Âk

i µt,i Di
<latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit>

t4
<latexit sha1_base64="oL3lv0e4PyftIyz99UdTCCwI8rI="></latexit><latexit sha1_base64="oL3lv0e4PyftIyz99UdTCCwI8rI="></latexit><latexit sha1_base64="oL3lv0e4PyftIyz99UdTCCwI8rI="></latexit><latexit sha1_base64="oL3lv0e4PyftIyz99UdTCCwI8rI="></latexit>



Regular tracking (piecewise constant)

T(t) = e�t(t) = e�Âk
i ti = e�Âk

i µt,i Di
<latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit>

t5
<latexit sha1_base64="3O65DvSSE16VT+SyRVkqwre6QKs="></latexit><latexit sha1_base64="3O65DvSSE16VT+SyRVkqwre6QKs="></latexit><latexit sha1_base64="3O65DvSSE16VT+SyRVkqwre6QKs="></latexit><latexit sha1_base64="3O65DvSSE16VT+SyRVkqwre6QKs="></latexit>



Regular tracking (piecewise constant)

T(t) = e�t(t) = e�Âk
i ti = e�Âk

i µt,i Di
<latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit>

t6
<latexit sha1_base64="4t5Kt/iiBolybWCb/GzBDrJcpxo="></latexit><latexit sha1_base64="4t5Kt/iiBolybWCb/GzBDrJcpxo="></latexit><latexit sha1_base64="4t5Kt/iiBolybWCb/GzBDrJcpxo="></latexit><latexit sha1_base64="4t5Kt/iiBolybWCb/GzBDrJcpxo="></latexit>



Regular tracking (piecewise constant)

T(t) = e�t(t) = e�Âk
i ti = e�Âk

i µt,i Di
<latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit>

t7
<latexit sha1_base64="UtlXiQxGdIH4zCcNlePQKvof+X4="></latexit><latexit sha1_base64="UtlXiQxGdIH4zCcNlePQKvof+X4="></latexit><latexit sha1_base64="UtlXiQxGdIH4zCcNlePQKvof+X4="></latexit><latexit sha1_base64="UtlXiQxGdIH4zCcNlePQKvof+X4="></latexit>



Regular tracking (piecewise constant)

T(t) = e�t(t) = e�Âk
i ti = e�Âk

i µt,i Di
<latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit><latexit sha1_base64="Hh/iNFpGDrl9ZhlJjbFxjQzmPDM="></latexit>

t8
<latexit sha1_base64="k+w6dJEOt9KR4pmEht/8mcdQwoM="></latexit><latexit sha1_base64="k+w6dJEOt9KR4pmEht/8mcdQwoM="></latexit><latexit sha1_base64="k+w6dJEOt9KR4pmEht/8mcdQwoM="></latexit><latexit sha1_base64="k+w6dJEOt9KR4pmEht/8mcdQwoM="></latexit>
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Regular tracking
✔ Integrates optical depth/transmittance in closed form

✔ Analytic/unbiased!

✘ Only for piecewise “simple” media

✘ No complex procedurals

✘ Discretization artifacts

✘ Expensive

✘ No speed/quality knob

✘ Not progressive



Estimate/approximate optical depth integral τ

Integrating

|
{z

}
T(x$y)

<latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit>

kx � yk = t
<latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit>

τ

t(t) =
Z t

0
µt(t0)dt0

<latexit sha1_base64="ouZ/opX22h2qNoZlOGluOvMr+JY="></latexit><latexit sha1_base64="ouZ/opX22h2qNoZlOGluOvMr+JY="></latexit><latexit sha1_base64="ouZ/opX22h2qNoZlOGluOvMr+JY="></latexit><latexit sha1_base64="ouZ/opX22h2qNoZlOGluOvMr+JY="></latexit>

ht(t)iRS =
k

Â
i=1

µt(ti)Dti ⇡
Z t

0
µt(t0)dt0

<latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit>



Estimate/approximate optical depth integral τ

Integrating

hT(t)iRM = e�ht(t)i
<latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="zPWnPtbghuIF3/tJmYC4oCioHis="></latexit><latexit sha1_base64="pl8EFwXGWNO2yxkdDPk7ykE6VRQ="></latexit><latexit sha1_base64="pl8EFwXGWNO2yxkdDPk7ykE6VRQ="></latexit><latexit sha1_base64="H6kPaqtq2v1iZdD5cO4nWX2Y7e8="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit>

|
{z

}
T(x$y)

<latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit><latexit sha1_base64="1+DpdjCZ/Pcsn351EysNo1wXhkw="></latexit>

kx � yk = t
<latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit><latexit sha1_base64="qWCqRyvyy2IoHAaoNYQe6XjTSTo="></latexit>

τ

t(t) =
Z t

0
µt(t0)dt0

<latexit sha1_base64="ouZ/opX22h2qNoZlOGluOvMr+JY="></latexit><latexit sha1_base64="ouZ/opX22h2qNoZlOGluOvMr+JY="></latexit><latexit sha1_base64="ouZ/opX22h2qNoZlOGluOvMr+JY="></latexit><latexit sha1_base64="ouZ/opX22h2qNoZlOGluOvMr+JY="></latexit>

ht(t)iRS =
k

Â
i=1

µt(ti)Dti ⇡
Z t

0
µt(t0)dt0

<latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit>



ht(t)iRS =
k

Â
i=1

µt(ti)Dti ⇡
Z t

0
µt(t0)dt0

<latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit>

Ray marching (Quadrature)

ht(t)iRS =
k

Â
i=1

µt(ti)Dti ⇡
Z t

0
µt(t0)dt0

<latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit>

hT(t)iRM = e�ht(t)i
<latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="zPWnPtbghuIF3/tJmYC4oCioHis="></latexit><latexit sha1_base64="pl8EFwXGWNO2yxkdDPk7ykE6VRQ="></latexit><latexit sha1_base64="pl8EFwXGWNO2yxkdDPk7ykE6VRQ="></latexit><latexit sha1_base64="H6kPaqtq2v1iZdD5cO4nWX2Y7e8="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit>



ht(t)iRS =
k

Â
i=1

µt(ti)Dti ⇡
Z t

0
µt(t0)dt0

<latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit>

Ray marching (Quadrature)

ht(t)iRS =
k

Â
i=1

µt(ti)Dti ⇡
Z t

0
µt(t0)dt0

<latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit><latexit sha1_base64="FcqekBO/rhrKOVqUXPiandVWt+w="></latexit>

hT(t)iRM = e�ht(t)i
<latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="zPWnPtbghuIF3/tJmYC4oCioHis="></latexit><latexit sha1_base64="pl8EFwXGWNO2yxkdDPk7ykE6VRQ="></latexit><latexit sha1_base64="pl8EFwXGWNO2yxkdDPk7ykE6VRQ="></latexit><latexit sha1_base64="H6kPaqtq2v1iZdD5cO4nWX2Y7e8="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit><latexit sha1_base64="eTPkt/YnD7qVaXE0NX3XGy7YEEQ="></latexit>

Riemann sum



Ray marching (Monte Carlo)
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✔ Medium not discretized, supports procedurals

✔ Useful speed/quality knob, and progressive, but…

✘ Has error: variance/banding/noise, and

✘ Bias (not even consistent when used progressively)!

✘ unbiased estimate of optical depth leads to biased 

estimate of transmittance since:

Ray marching

E
h
eX

i
6= eE[X]
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✔ Medium not discretized, supports procedurals

✔ Useful speed/quality knob, and progressive, but…

✘ Has error: variance/banding/noise, and

✘ Bias (not even consistent when used progressively)!

✘ unbiased estimate of optical depth leads to biased 

estimate of transmittance since:

✘ Overestimates transmittances (medium looks “thinner” 
when using large steps)

Ray marching
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h
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Express transmittance as an integral (convolution with delta)

Replace/blur into  
finite kernel

Why does this work?
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Start with Russian roulette (unbiased):

Why does this work?

hT(t)iRR =

( T(t)
P(accept) if accept
0 otherwise.
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Start with Russian roulette (unbiased):

Using free-flight sampling for acceptance probability:

Why does this work?
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P(accept) if accept
0 otherwise.
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P(ti > t) =
Z •

t
p(s) ds =

Z •

t
µt(s) T(s) ds = T(t)
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Start with Russian roulette (unbiased):

Using free-flight sampling for acceptance probability:

This gives an unbiased “track-length estimator":

Why does this work?

hT(t)iRR =

( T(t)
P(accept) if accept
0 otherwise.
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hT(t)iTL =

( T(t)
P(ti>t) = 1 if ti > t
0 otherwise
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Collision Estimator

• Count photons starting at x that land near y
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✔ Estimate transmittance given free-flight sampling

Collision Estimator

• Count photons starting at x that land near y

✘ Biased (transmittance is blurred due to kernel/bin size)

Track-length Estimator

• Count photons starting at x that travel past y
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✔ Estimate transmittance given free-flight sampling

Collision Estimator

• Count photons starting at x that land near y

✘ Biased (transmittance is blurred due to kernel/bin size)

Track-length Estimator

• Count photons starting at x that travel past y

✔ Unbiased!

Transmittance from free-flight sampling



Transmittance estimation
1. Estimators integrating optical thickness 

2. Estimators using free-flight sampling 

3. Next: Estimators using null collisions

T(x, y) = e�t(x,y)
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t(x, y) =
Z t

0
µt(x � sw)ds
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transmittance optical thickness
p(ti) µ T(ti)
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free-flight sampling


